ON THE EXPANSION OF ANALYTIC FUNCTIONS
IN SERIES OF POLYNOMIALS*

BY

J. L. WALSH

1. INTRODUCTION: STATEMENT OF PRINCIPAL METHOD AND RESULTS

If C is a closed contour in the plane of the complex variable z, there
have been a number of proofs, the first of which was due to Runge, that
any function f'(z) analytic on and interior to C can be expanded in a series
of polynomials in that region.t In particular it was shown by Faber that
we may choose

1) (&) = apo(2)+arpi(2)+ - + anpal(2)+ -,

where the polynomials px(z) do not depend on the function f(z) but merely
on the curve C. The coefficients of the polynomials are given by the formulas

ax = | f(2) Pu(2) dz,
/

where the functions Pix(z) are properly chosen. The series (1) converges
uniformly in the closed region interior to C.

This fundamental result is a direct generalization of Taylor’s series, to
which Faber’s series (1) reduces when C is a circle.

On any circle C for which Taylor’s series converges, if the center of C
is the point about which the Taylor development is considered, Taylor’s
series reduces precisely to Fourier’s series, both formally and in fact. More
generally, Laurent’s series similarly reduces to Fourier’s series and con-
versely, if the function considered is defined and integrable on the circle C.
The natural generalization of Fourier’s series and of Laurent’s series to
the case of an arbitrary contour C seems not to have been made. It is the
object of the present paper to set forth such a generalization, as indicated
by the following theorem:

* Presented to the Society, December 27, 1923.

T Detailed references to the work of Runge and Faber are given by Montel, Legons sur
les Séries & wune Variable complexe, Paris, 1910. The method of conformal mapping used
in § 2 of the present paper is of course well known. See for instance, Montel, chapter 3.
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THEOREM I. Let C be a simple closed finite analytic curve in the z-plane,
including in its interior the origin. Then there exist two sets of functions

po(Z); h (2), «v ey pn(z), cey
0(2), ..., an(2), ...,
polynomials respectively in z and 1/z, such that if f(z) be any function

defined on C and satisfying on C a Lipschitz condition,* then f(z) can be
developed in the series

f(2) = apo(2)Farpi(2)Faspe(2)+ -+ - +anpn(2)+ ---
+b1Q1(Z)+bSQa(Z)+ +ann(z)+ ey

@)

where the former series converges uniformly in the closed region interior to C
and the latter series converges uniformly in the closed region exterior to C and
vanishes at infinity.t The coefficients of (2) are given by the formulas

3) ar = | f(2)sk(2) dz, b = | f(2) te(2) dz,
J J

where the functions sk (2) and tx () depend not on f(z) but only on C.
The functions sk (2) are analytic on and exterior to C and vanish at infinily;
the functions tx (2) are analytic on and interior to C. The polynomial px (2)
has precisely k roots interior to C, and the polynomial qx(2) has precisely
k roots exterior to C.

It will be noted that this theorem differs from that of Faber in that (a)
it considers the convergence of the series (2) on the curve C itself, where
f(2) is not necessarily analytic on C, and (b) it deals with functions f(z)
defined on C but not necessarily analytic inierior to C, expressing such
functions as the sum of two series, the former convergent and representing
a function analytic interior to C' and continuous in the closed region thus

* That is, there exists a constant K such that the inequality
[f(2)—f(22)| = K |21 — 2|
holds whatever may be the points z, and 2, on C.

+ This tacitly assumes that the functions g, (z) are defined to have the value zero at
infinity, so that each of those functions is continuous in the closed region exterior to C.
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defined, the latter convergent and representing a function vanishing at
infinity, analytic exterior to C, and continuous in the closed region thus
defined. The writer is aware of no other treatment of this general problem
involving either (a) or (b).*

Let us briefly outline the proof of Theorem I before taking up the
details of that proof. The region interior to C can be mapped conformally
on the interior of the unit circle y in the w-plane by the analytic mapping
functions

w=9(), z=y).

Any function f; (2) analytic interior to C is thus transformed into a function
analytic interior to y, and in the interior of y can be expanded in powers
of w. If the function f;(¢) satisfies a Lipschitz condition on C (or on ),
this development is valid also on y itself. That is, in and on C, the
function f; (¢) can be expanded in terms of the powers of ¢(2)

4) 1, 9(2), 9*(2), ..., 9" (2), ...

The set of functions (4) can be replaced by functions which do not differ
greatly from them, without altering the essential convergence properties
of the set.t In particular we may choose a set

(5) 20(2), p1(2), pe(2), ..., pa(2), ...

of polynomials, for within and on C any function of the set (4) can be
uniformly approximated by a polynomial.

In precisely the same manner, the region exterior to C may be mapped
on the unit circle y, and we find a set of polynomials in 1/z,

(6) 01(2), ¢2(2), ..., qu(2), ...,

*The results of Faber can be extended by considering simultaneously the interior and
exterior regions, using the methods of §§ 4 and 5. That treatment has the advantage over
the present treatment of giving definite regions of convergence and of divergence for the
series in (2) in every case, the regions depending on the singularities of the analytic functions
represented by those series. That treatment has the disadvantage of requiring (for
application of Faber’s results) the consideration only of functions analytic on C.

The same remark obtains for the results of Szeg, Mathematische Zeitschrift,
vol. 9 (1921), pp. 218-270.

+ If the mapping function ¢ (2) is a polynomial, we may set

p(2) = ¢*(2).

A similar remark holds for the functions g, (z).
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in terms of which there can be developed any function f;(2z) which satis-
fies a Lipschitz condition on C, is analytic exterior to C, and vanishes at
infinity. By a theorem due to Plemelj, any function f(z) defined on C' and
there satisfying a Lipschitz condition can be expressed on C in the form

f(2) = fi(2)+/:(2),

where £, and f; are functions of the kind required for that notation. Thus f(2)
can be expanded in terms of the two sets (5) and (6), and if the functions sx(2)
and #(z) are properly chosen the coefficients are given by (3), and the theorem
is established.

We proceed to the details of the proof.

2. EXPANSION IN TERMS OF MAPPING FUNCTION AND ITS POWERS

The contour C has been assumed analytic, so its interior can be mapped
on the unit circle y in the w-plane:

w = ¢(2),
the inverse transformation being

z = Y(w).
We suppose the origins in the two planes to correspond:

®(0) = 0, P(0) = 0.
The function ¥{w) is analytic not merely in the circle y:|w| = 1, but
also on and within a larger circle y: |w| =1+, We can and do choose
the positive number ¢ so small that the circle 5’ corresponds in the z-plane
to a simple analytic closed curve C’ which surrounds the curve C.
Let f; (2) be any function which satisfies on C a Lipschitz condition and

is analytic interior to C. Then f; [y (w)] satisfies a Lipschitz condition
on y, so we have on and within y the series

n=

@A) =Sawr,  w= gk [ AL,
r
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This series converges uniformly on y, and hence in the closed region con-
sisting of y and its interior. We have on and within C' the same series
uniformly convergent in the closed region:

® A =Zalbor, w=k [LO6
[y

The set of functions (4), in terms of which f; (2) has been developed, is now
to be replaced by a new set of functions

3. ON THE EQUIVALENCE OF EXPANSIONS

We shall find it convenient to prove, for later application, the following
theorem:
THEOREM II. Let the functions

”O(x), Zh(x), e ypn(x)’ e
be analytic for |x| < 1+¢, and such that on and within the circle y,
lz| = 1+¢, we have
9) |pk(x)_$k|§€k (k=0,1,2,...).
where the series X &k converges to a sum less than unity, and where the
series D) & converges. Then any function F(2) which is continuous for |z| <1,

analytic for |x| <1 and which on the circle v, |x| = 1, satisfies a Lipschitz
condition, can be developed into a series

(10) F(x) =k§)ck i (x)

which converges uniformly for |z| < 1.
There exists a set of functions Py (x) such that the coefficients of (10) arc
given by

(11) Ck =fF(x) Py () dz.
4

The functions Py (x) are analytic for |x| = 1 and vanish at infinity.
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Theorem II is practically identical with a theorem due to Birkhoff,* but
differs from that theorem slightly in the nature on y of the function F'(z2)
considered. We prove Theorem II by means of a lemma; in the statement
of this lemma the symbol d, is the Kronecker symbol which has the value
zero or unity according as » and % are or are not distinct.

LEMMA. Suppose that {ua (@)} is a set of uniformly bounded normal ortho-
gonal functions in the interval 0 < ¢ < 27t

27

(12) f“n(q)) u(p)de = 0 (n,k=0,1,2,...),

0

and that in this interval { Uy (@)} is a set of uniformly bounded continuous
Sunctions each of which can be developed into a series

(13) Un =k§(w¢+ Swdue (k= 0,1,2,...),

where the coefficients have the values

2T
(14) eue-t On =fvnakd.p.
0

Suppose further that the three series

(15) 2> Cak Cnky 2( Cnk an) , 2> (2 Cnk c,.k) ,
n,k=0 n=0 \k=0 k=0 \n=0
converge and that the value of the first is less than unity.
Then there exists a set of continuous functions A (<p)} such that {U,}

and {Va} are biorthogonal sets:

2n

(16) J Un Vi dp = Oue (n,k=0,1,2,...).

0

*Paris Comptes Rendus, vol. 164 (1917), pp. 942-945. The lemma used in proving
Theorem IT was given by Walsh, these Transactions, vol. 22 (1921), p. 230-239. The
proof of the lemma was there given for the real case, but extends without difficulty to the
complex case. For our present application {u} is real, while {Ua} is not.

+ The dash here indicates the conjugate of the complex quantity beneath.
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Furthermore, if f(9) is any function integrable and with an integrable square
(¢n the sense of Lebesque), then the two series

(an f@~ Bau(®),  f@)~ S8 .9),

where

(18) an =f(f(¢)un(<p)d¢, Bn ——-ff(tp) Va(ep) do,

have essentially the same convergence properties.

The sign ~ is used simply to indicate that the coefficients «, and 8,
are given by (18), which must be the case if the series converge uniformly
to the value f(p). The two series are said to have essentially the same
convergence properties when and only when the series

0

2 (an Un— Bn Un)

n=0

converges absolutely and uniformly to the sum zero, no matter what may
be the function f(¢) considered.

If any function F(¢) is integrable and has an integrable square on the
interval 0 < ¢ < 2w, we have the result

27
ogf(F—youo—nm—---—ynu»(i—mo—m—-.-—mn)d«p,
0

27T

or, if yx =fFiik dop, we have
0

T

2
(19) JFF_'dq’Zr%-I-rl?l-l-----l-rn?n.
0

There are a number of steps to be taken in applying the lemma to the
proof of Theorem II. The interval 0< @ <2n is to be chosen as the
circle y, |z| =1, using z=2¢'¢ on y. The functions {us (@)} and { U, (9)}
are to be chosen as
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to = Jro=) U = —]/12——”170(93),

"= 211/77 (w+%) b= 2‘I1/E :p‘(x)-l—{’

S

= 212? (‘”z—%)’ U= 212? :p’(x)-%’
ST

tan = l’/; (x"—%), Uen = 2# :pn(x)—%],

The two sets of functions {u,} and {U,} are obviously uniformly bounded
and continuous on the interval considered. The functions { U,} are analytic
on y and hence can be developed on y in the series (13). By inequality (19)
for the function ' = U,—u, we have

2n
Cnk =f(Un_un) ux do,
0

am e, n=0,
o] —
kg&wgn—k éf(Un_“n)(Un_’b—ﬁn)d‘P < &2 m = %) h even,
0 —2'—"~, n+0 "
=T, n odd.

Thus the first of series (15) converges and its sum is less than unity. The
convergence of 37° -, gives us the convergence of the second of the
series (15). To study the third of those series we make use of the fact that
the functions px (x) are all analytic on and within the circle y’. Thus we have
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zn+k

Cnk =f(Un—un)17kqu = f[pm(ac)-——xm] [x‘i—— Badad
0

vt

d
= _47”f[pm(x) xm]xz__fly

k n
5 k even, 9 M even,
m, l>0, l = m =
"+1 , % odd, ”T‘H,nodd.
Then we find
€m
(20) lenk| < (1Fey"

The case m, ! = 0 is readily disposed of, and yields also inequality (20).
The convergence of the third of the series (15) now presents no further
difficulty.

It follows from the form of the functions {u,} and { U,} that the series (13)
and likewise (17) can be written by combining terms so that negative powers
of x are eliminated, if () is equal to the function F(x) of Theorem II.
Thus the second of series (17) can be identified with (10).

Theorem II is now completely proved except for the remark concerning
the functions Pyx(x). If the proof of the Lemma is examined, it will be
seen that the series for Pi(x) converge uniformly in the neighborhood of
the circle 7,* and from the special form of the functions U,(x) that we are
considering it follows that the analytic functions Pyx(x) thus defined are
analytic on and everywhere outside of y and vanish at infinity.

4. CHOICE OF POLYNOMIALS

We return now to the set of functions (4), and shall replace the set by
a new set consisting of polynomials. By the theorem of Runge we can
uniformly approximate to the function ¢*(z) as closely as desired in the
closed region interior to ¢’ by a polynomial, for ¢*(z) is analytic in that

* Loc. cit., p. 234. We shall have, in our present notation,
o0
= 2 (dm+dm) tn,
n=0

and we have from the definition of the dm, from (20) and from the inequality (11) of the
other paper, that a geometric series dominates this series for V.
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closed region. Let us choose a set of numbers &, ¢, &, ... satisfying the
requirement of Theorem II and then determine polynomials px(z) so that
all the inequalities

(21) |pe(2) — @ (2)] < &

are satisfied on and interior to C’.

If the numbers ¢ are chosen sufficiently small, the polynomial px(2z) will
have precisely % roots interior to €', and interior to C. For on either C
or ¢’ we have*

w = |55

The last factor is practically equal to unity, and by suitable choice of &
can be made as near to unity as desired, uniformly in the closed region
between C and C’. Thus when either of the contours C or ' is traced,
the total increase in the argument of the complex quantity px(z) is the same
as the total increase in the argument of ¢*(2).

We may choose px(z) so that for any particular value of % or for all
values of % these % roots interior to C are distinct or coincident, at pleasure.
For to cause them to coincide, choose a polynomial 7x(z) such that

|me(2) — 9(2)| < 5, where e < M, g7, 19 () < M.

Then since ¢ (0) = 0, we have

[ (2) —m (0)] — @ (2)] < &,
[0k (2) — i (0) JF — @k (2)
= [me(2) —m(0)— @ (2)] {[mx(2) —mx(0) s 1+ - - - 4+ ¢*1(2)},

so the polynomial
pe(2) = [m(2) — me ()

has the property required. To cause the % roots of px(z) in C to remain
distinct, alter slightly the coefficients of the particular polynomial py (2)

* This result also follows from a general theorem due to Hurwitz, Mathematische
Annalen, vol. 33 (1888), p. 248.
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just considered so that its discriminant does not vanish, yet so that we
still satisfy the inequality

ok (2) — @* (2)] < &

use a new e if necessary.

We apply now Theorem II to the polynomials px (2), or rather to their
transforms in the w-plane. The functions 1,w,w? ... expand any function
F(w) analytic interior to y and satisfying a Lipschitz condition on y itself;
the resulting series converges uniformly in the closed region consisting of y
and its interior. The set of functions px [y (w)] likewise expands any such
function F'(w); the resulting series converges uniformly on y, by virtue of
Theorem II, and hence converges uniformly in the entire closed region
consisting of y and its interior. This series is

F@) = Zanp@], o= Fw) Puw)du.
r
We have the corresponding formulas in the z-plane,
@) Flo@)l = San, = [Flp@] Blp@ly @)z,
C

where the series converges uniformly on C' and hence uniformly in the closed
region consisting of C and its interior.

The function Px[@(2)] ¢’ (2) is analytic on the curve C, and hence on
that curve may be expressed as the sum of two functions, of which the
first is analytic on and interior to C, and the second analytic on and
exterior to C' and vanishes at infinity.* The former function gives no con-
tribution to the integral (22) for c¢x, no matter what may be the function
F(2) analytic interior to C. Then we may and do replace Pi[p(2)] ¢'(2)
by the latter of the two functions, which is denoted by sk (). We replace
the formula of (22) by

(23) o = jF[(p(z)] sk (2)dz.
c

* This resolution is set up immediately by Cauchy’s integral formula applied to a closed
ring-shaped region in which the function considered is analytic, the region bounded by two
simple closed curves and containing C in its interior.
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We notice that if there is substituted formally in the integral of (23) any
function f; (¢) which is continuous on and exterior to C, analytic exterior
to C, and which vanishes at infinity, then the resulting integral is zero:

(24) ff, (2)sk(2)dz = 0.
]

Whenever the function F[@(2)] satisfies a Lipschitz condition on C,
then F(w) satisfies a Lipschitz condition on y, and hence the series
development (22) converges uniformly on and interior to C, to the sum
Flo(2)].

5. PROBLEM IN INNER AND OUTER REGIONS

We have thus proved the possibility of expanding in a series of type (22)
any function f; (2) of the kind described. By the same methods, mapping
the exterior of C on the interior of the unit circle so that the point at
infinity corresponds to the origin, we can find a set gx(z) of polynomials
in 1/z in terms of which there can be expanded any function f; () analytic
exterior to C, vanishing at infinity, and satisfying on C a Lipschitz condition:

@ A0 =hao, h=[AOuE)
C

The series (25) converges uniformly throughout the closed region consisting
of C and its exterior.

It is to be noted that in (25) we have omitted the term by go(2). It is
possible to do this, for we choose g, (2) equal to unity, gx(o0) = 0 for k>0.
Then it follows from the series for the functions #(z) that b, vanishes
whenever f3(z) vanishes at infinity.

The functions #x(z) are analytic on C, and hence on C can be expressed as
the sum of two functions, of which the first is analytic on and interior to C,
and the second is analytic on and exterior to C' and vanishes at infinity.
The latter component of #(z) gives no contribution to the integral (25), no
matter what may be the function f; (z) satisfying the prescribed conditions.
We may therefore replace each function &(z) by its first component, which
we do without change of notation. Formulas (25) still hold, and we also
have, if f;(2) is analytic interior to C and continuous in the closed region
thus formed,

(26) ffl(z) t(z) dz = 0.
&
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Suppose now that f(z) is any function defined on C' and satisfying on C
a Lipschitz condition. Then on C' we may write*

@70 S = fi(2) + 12 (2),

where f,(2) is analytic interior to C, continuous on and interior to C, and
satisfies a Lipschitz condition on C, and where f;(2) is analytic exterior
to C, vanishes at infinity, is continuous exterior to and on C, and satisfies
on C a Lipschitz condition. Then we have the expansions

A@ = am@+an @+t ap o o= [ A o) de.
C

AO = b @t bas - haga @)+ oo = [ (o) s,
C

where the series converge uniformly in the closed regions respectively
interior and exterior to C. It follows from formulas (24), (26), (27) that
these series give us the development (2) and formulas (3).

* By virtue of a theorem due to Plemelj, Monatshefte fiir Mathematik uad
Physik, vol. 19 (1908), pp. 205-210. See also Birkhoff, Proceedings of the American
Academy of Arts and Sciences, vol. 49 (1913), pp. 521-568.

It can be shown that f, (z) =0 if and only if

ff(z)z"dz:O n=—1,—2,—38,...),
C

and f3(z) = 0 if and only if
ff(z)z"dz:O (n=012...).
C

See Walsh, Paris Comptes Rendus, vol. 178 (1924), pp. 58-59. This last result easily
gives us the uniqueness of the resolution of f(z) indicated in (27).
The conditions just given are respectively equivalent to the conditions

ff(z) s(z)dz = 0, ff(z) t(z)dz = 0,
C C

in the notation of Theorem I.
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6. SOME OTHER POLYNOMIAL DEVELOPMENTS

The requirement of Theorem I that the given function satisfy on C
a Lipschitz condition is not necessary for expansion in a series of poly-
nomials, if the function given on C is the continuous boundary values taken
on by an analytic function. In fact, Runge’s theorem (or Theorem I) can be
applied to prove the following result:*

THEOREM III. Let C be a finite simple analytic closed curve in the plane
of the complex variable z. If fi(2) is a function of z analytic interior to
C and continuous in the closed region comsisting of C and its interior, then
J1(2) can be expanded in a series of polynomials

@28)  fi(2) = m(2) + (me(2) — m(2)) + (m3(2) — me(2)) + - - -,

and the series comverges uniformly in the closed region consisting of C and
its interior.

The writer is aware of no general result (other than Theorem I) which
does not require analyticity in the closed region consisting of C and its
interior to establish the uniform convergence of (28) in that closed region.

The transformations

w = @(z), z = PY(w),

already considered, map the interior of C' on the interior of the unit circle
v in the w-plane. Form a sequence of circles

Vi, Y2y V3, «ony

* Theorem ITI generalizes Theorem I merely in the case corresponding to f2(z) = 0.
In this same case, an obvious application of the method used in the proof of Theorem III,
without the use of conformal transformation, extends Theorem III to the case that C is
any contour which is either convex or convex with respect to a particular point O interior
to C; that is, a contour C such that no half-line terminating at O cuts C in more than
one point.

If the general function f(z) of Theorem I is known merely to be continuous instead
of satisfying a Lipschitz condition on C, then f(z) can be uniformly approximated on C
by functions which are analytic on C. Each of these latter functions can by Theorem I
be uniformly approximated on C by a rational function of z which is the sum of a po-
lynomial in z and a polynomial in 1/2. Thus f(z) can be expressed on C as a uniformly
convergent series of rational functions of z; each of these rational functions may be chosen
as the sum of a polynomial in z and a polynomial in 1/z. This is analogous to the
theorem that any real function continuous in a closed interval can be expressed in that
interval as the sum of a uniformly convergent series of trigonometric functions.
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all exterior to y, interior to the circle y previously considered, which
have the origin as their common center, and whose respective radii

1, 7Te, T3,

approach the limit unity. These circles correspond to simple analytic
closed curves in the z-plane

01, Cg, 03, ey

each of which contains C in its interior and ' in its exterior.
The function

F(w) = fily(w)]

is analytic in the region interior to y and continuous in the closed region
consisting of y and its interior. The functions

Fk(w)zF(-“—’) k=1,2,3,...)
Tk
are analytic respectively in the interiors of the regions

Yis 73y V8 o4y

and are continuous in the corresponding closed regions. Moreover, since
F(w) is continuous in the closed region consisting of y and its interior,
the sequence

{Fr(w)}

converges to the limit F(w) uniformly on y and hence in the closed region
consisting of y and its interior. Thus, whenever 9, is given, we can choose
k so that on and within y we have

Mk

| Fie(w) — F(w)| < 5

on and within C we have

(29 | Flo(—Ai()] < 5
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The function Fj(w) is analytic throughout the interior of y,, so the
function

Filo(2)]

is analytic throughout the interior of Ci.. Then by Runge's theorem we
can find a polynomial 7x (2) such that on and within C we have

(30) |m(e) — Fulp(2)]| < -

It is now clear from (29) and (30) that we can choose a sequence of
polynomials 7tk (2) convergent to the limit f; (¢) uniformly throughout the
closed region consisting of the curve C and its interior.

In the series expansion (28) for f; (¢) we do not of course have (even
if C is a circle) the polynomials which are the terms of (28) independent,
except for a constant factor, of the function f; (2).
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